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System description

The system is made by 3 tanks:

The linearized model of the system is:

Sil1 = —kh1 + U,
Sh, = khy —kh, +u,
Sil3 —_ khz - kh3

For S=1 mZ2and k=1 m?/s
And, defining x =[hy,h,,h;]" and u = [uy,u,]"
We obtain the continuous-time state space

model:
x=Ax + Bu
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System decomposition

According to the system description, and to guarantee that:
= All sub-systems have Inputs and outputs

= The local control problem is not "too large"

= Each component of u, y is associated to one sub-system

From:

x =Ax + Bu

y=Cx+Du
—1 0 0 1 0

A=l 1 -1 0 B=|0 1
L 0 1 -1 0 O
1 0 O

C=f0 1 O D=[0 O]
0 0 1
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System decomposition

According to the system description, and to guarantee that:
= All sub-systems have Inputs and outputs

= The local control problem is not "too large"
= Each component of u, y is associated to one sub-system

To: S+
x=Ax+B1u1+BZ uz
y1 =01 x
y2=Cx

-1 0 0 1 0
A = 1 —1 O B1 = 0 BZ = 1

0 1 -1 0 0

B 10 1 0

G=l1 0 0l G=|, 1]
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Open loop analysis |

Continuous time system

Eigenvalues of the matrix A:

The eigenvalues of A are the values of lambda such that the characteristic
polynomial is 0: det (A*I - A)=p,(A)=0

In our system: The eigenvalues af A are: A=-1, A\py=-1,A;=-1
(here A is triangular, we can read them directly from matrix diagonal elements)

The open loop system is asymptotically stable if and only if the eigenvalues of the
matrix A are such that: Re(A;) <0, Vi

A matrix with this property is denoted as Hurwitz stable
In our system: The (open loop) system is asymptotically stable

Spectral abscissa:

The spectral abscissa is the real value of the eigenvalue of A with maximum real
part. In our case the specral abscissais: p=-1
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Open loop analysis i

Discrete time system

Discretization of the system:

The definition of the discrete time system is easly obtained from the continuous
time model, once the sampling time h has been defined.

Given:
A: state matrix (cont-time)
B: input matrix (cont-time)
C: output state matrix (cont-time)
D: output input matrix (cont-time)
h: sampling time
We can define the discrete time system as:

S _{xk+1 = Fxp+ Guy
bT™ Yk = ka+Luk

wherek €N, F = e", G = ["e“VdvB,H = C,L = D.
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Open loop analysis i

Discrete time system

Choice of the samplig time h

To discretize the system we need to define a value for the sampling time h.

In order to find the most appropriate value of h we’ve done some adjustments a
posteriori, taking into account the discrete-time closed loop dynamic and the
control action, more specifically we’ve seen that using a small sampling time
(0.01<h<0.1) the control action is too aggressive, with large peaks (too reactive)
and as a consequence the states also show big undesired oscillations.

If instead we consider an higher value of h=0.2, the control action will be
smoother. And we are able to control properly the system in closed loop.

Moreover, looking at the simultations of the open loop continuous time system
(and to the spectral abscissa), we can see that the settling time of the state
variables is around 5s, so the sampling time that we’ve chosen is appropriate in
order to capture its dynamic.
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Open loop analysis i

Discrete time system

Eigenvalues of the matrix F:

The eigenvalues of F are the values of lambda such that the characteristic
polynomial is 0: det (A*I - F)=pg (A)=0

The eigenvalues of F are: A, =0.8187, A, =0.8187,A; =0.8187

The open loop system is asymptotically stable if and only if the eigenvalues of the
matrix F are such that: |\;(F)|<1, Vi

A matrix with this property is denoted as Shur stable

In our system: The (open loop) system is asymptotically stable
We can see that there is a strict correlation between the eigenvalues of matrix A
and the ones of matrix F: ehih — A (F)

Spectral radius:

The spectral radius is the modulus of the eigenvalue of F with maximum absolute
value. In our case the spectral radius of F is: p = 0.8187
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Open loop analysis

Simulation

Simulating the system dynamic in open loop, for different initial random states:

xo = [0.040, 0.083, -0.104]"

Continuous-time free response (OPEN-LOOP) Discrete-time free response (OPEN-LOOP)

0.1 0.1 T
Dh, Dh,
Dh, Dh,
0.05 |- Dh, |7 0.05 - Dh, |7
0 ot —
E E
P
=} ) /
-0.05 -/ b -005F /
/ a/
/
-0.1F -0.1F
_015 1 1 1 1 1 1 1 1 1 _015
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
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Open loop analysis

S

imulation

Simulating the system dynamic in open loop, for different initial random states:

=
o

0.06

0.05

0.04

Dh [m]

002

0.01

003

= [0.055, 0.0018, 0.0165]"

Continuous-time free response (OPEN-LOOP)

Dh [m]

0.06

0.05

0.04 -

003

002

001

Discrete-time free response (OPEN-LOOP)

Dh
Dh,| |
Dh
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Open loop analysis

Simulation

Simulating the system dynamic in open loop, for different initial random states:

h=0.2s represent well the continuous time dynamics

Xo = [_0 109, -0.039, -0.01 2]T (this is not the main reason of its choice)

OO0P)

=T

Discrete-time free response (OPEN-L
T T — T

Dh

0 T — — T
— Dh, = ]

L Dh, | | Dh, | |
Dh

Dh

Continuous-time free response (OPEN-LOOP) 0

3

3

Dh [m]
Dh [m]

' ' : -0.12
5 6 7 8 9 10
t[s] t[s]

-0.12

Always converging (as expected), but in some cases shows undesired long oscillations
(creating waves inside the tanks) and the dynamic seems a little bit slow.
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State feedback contol

Centralized structure

Consider a system having the following structure: S y(t)
Where the dynamic of system S is described by:
u(t) "
(x(t) = Ax(t)+ Bu(t) (Where the matrices are ¢
S: y(t) - Cx(t) the ones described before)

Apply to the system a static state-feedback control law of the type: u(t) = K, x(t)
where K, is the control gain (mxn matrix)

ContStructure_centralized = [1 1; 1 1]
The closed loop dynamics can be described by: x(t) = (A + BK,.)x(t)

If the pair (A,B) is controllable we can design a control gain K, such that the matrix
(A+BK, ) is Hurwitz stable
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State feedback contol

CFM

Continuous time Discrete time
The centralized fixed modes are the ”.: amode Ais a CF.M, the discrete-
elements of the set: time system (obtained by,
e.g.,sampling-and-hold discretization
Acrym = ﬂ spec(A + BK,,C) with sampling time h)
Ky ERMXP B .-
{x(k +1) = Fx(k) + Gu(k)
k) = Hx(k
So they are the eigenvalues of A that y(k) ()
do not change position under a static has a corresponding (discrete-time)
output-feedback control law. centralized fixed mode in e? .
It can be proved that the modes of A
that cannot be controlled and/or Definition: The discrete-time CFM
observed correspond to the CFM. are the elemets of the set:

adigreetime = (] spec(F + GK,H)
Ky ER™XP
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State feedback contol

CFM- computation

Continuous time

1. Compute the spectrum of matrix
A, i.e., spec(4).

. Define Acpp = spec(4).

. Select the K,, € R™*Prandomly.

. Compute spec(4 + BK,,C).

.Set Acpy = spec(4 + BK,C) N
Acry-

. Repeat procedure from step 3 “a
number of times”.

v b WN

(¢)]

Running the algorithm on our
system we’ll see that there are
no continuous-time CFM

Discrete time

1. Compute the spectrum of matrix
F,i.e., spec(F).

2. Define Adiscrete—time — gpac(F),

3. Select the matrix
K, € R™Prandomly.

4. Compute spec(F + GK, H).

5.Set Agiscrete-time — gpec(F +

6. Repeat procedure from step 3 ‘a

number of times’

Running the algorithm on our
system we’ll see that there are
no discrete-time CFM
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State feedback contol

Decentralized structure

Consider a decentralized control system, where controller C; is committed to control
the output y; by acting on input u;, for each i=1,...,N

Ci |¢
(7% Y1
: S :
Uy YN
Where S: x=Ax+ Byu, + B, u, Cn |
s, y1:C1X .
yZZCZX
-1 0 0 1 0
A=l1 -1 0| B,=10] By=|1
0 1 -1 0 /
0O 1 O
¢;=[1 0 0] CZ:[() 0 1
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State feedback contol

Decentralized structure

For each channel the control law is:  u;(t) = Kix;(t)

Since x; is a subvetor of %, in the considered system: . _ [X; X,]”

x1=[1 0 0] x=Csx

10 10

=
Collectively we write: 0 0 1
Y C=[C; C,]T=I

X = (Cyx

(It’s like an output feedback control law.
Because here outputs and states coincide.)

K= diag(K3, K7)

ContStructure_decentralized = [1 0; 0 1]

The closed loop dynamics, therefore, is:
x(t) = Ax(t) + BKACx(t) = (A + BKH)x(t)
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State feedback contol

DFM

Continuous time Discrete time

set: system (obtained by, e.g., sampling-and-
Aprm = ﬂ spec(A + BK; C) hold discretization with sampling time h)

) °
it {x(k +1)= Fx(k) + Gu(k)
y(k) = Hx (k)

With respect to the CFM, where K, is DOES NOT NECESSARILY have a

free to take any structure, for the DFM corresponding (discrete-time)

the stru.cture of K, is constrained to be decentralized fixed mode in e

block diagonal (k9) , therefore: Definition: The discrete-time

decentralized fixed modes are the
elements of the set:

Agiscrete—time ﬂ spec(F + GKJH)

deqrd
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State feedback contol

DFM- computation

Continuous time

1. Compute the spectrum of matrix
A, i.e., spec(4).

. Define Appy = spec(4).

3. Select the block-diagonal matrix
Ky € 3¢} randomly.

4. Compute spec(4 + BKJC).

5.Set Appy = spec(A + BKZC)n
Apry-

6. Repeat procedure from step 3 “a
number of times”.

N

Running the algorithm on our
system we’ll see that there are
no continuous-time DFM

Discrete time

1. Compute the spectrum of matrix
F,i.e. spec(F).

2. Define Agiscrete=time — gpac(F),

3. Select the block-diagonal matrix
Ky € 3¢ randomly.

4. Compute spec(F + GKZH).

5.Set  Agssrete-time — gpec(F +

6. Repeat procedure from step 3 ‘a

number of times’

Running the algorithm on our
system we’ll see that there are
no discrete-time DFM
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State feedback contol

Distributed structure

A distributed controller is characterized by the fact that each input u; is a function, not
only of the corresponding output y;, but also of pieces of information from other
channels compatibly with the information structure constraints (JV;).

Static state feedback control law:

Consider the states of the system: X= [x1 X]T

For each controller the control law is:

w® =) K5

JEN;
In matrix form we can write: u;(t) = [Kit Ki2]x(t)
uy (t) K¢t K:®
ul®=| - |=]- x(t) = K, x(t)
u, (t) Kt K:*
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State feedback contol

Distributed structure - information structure constraint

Information structure constraint:
We have 2 significant options:

DISTRIBUTED STRING 1 DISTRIBUTED STRING 2
&) =
ContStructure_String =[1 0;1 1] ContStructure_String =[11;0 1]
In this case we act ‘a posteriori/ In this case we act ‘a priori’,
U, is chosen accordingly to y; U4 is chosen accordingly to y,
(this seems phiscally more reasonable, ( works well sometimes, but simulation
becouse y, directly influence the second will show that it’s not a robust choice in
sub-system dynamic, simulations in stressful conditions)

continuous prove us right!)
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State feedback contol

DiFM

Continuous time Discrete time
Definition: The DiFM are the If a mode A is a DiFM, the discrete-time
elements of the set: system (obtained by, e.g., sampling-and-
hold discretization with sampling time h)
Apirm = [ ] spec(a + BK,C) x(k+1) = Fx(k) + Gu(k)
Kyl y(k) = Hx (k)
Because the matrix K, in the DOES NOT NECESSARILY have a
distributed structure has less DOF corresponding (discrete-time) distributed
of the one in the centralized case, fixed mode in eh
it follows that:  Acpy € Apiru.
On the other hand it has more Definition: The discrete-time DiFM are
DoF of the block diagonal K, of the the elements of the set:
decentralized case, so: Apjry € Apry

ADarretme = ﬂ spec(F + GK, H)
Acem € Apirm € Appy Kyex¥
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State feedback contol

DiFM- computation

Continuous time Discrete time
1. Compute the spectrum of 1. Compute the spectrum of matrix
matrix 4, i.e., spec(4). F,i.e., spec(F).
2. Define Apipy = spec(A). 2. Define Adiscrete=time — ghac(F),
3. Select the structured matrix 3. Select the structured matrix K, €
K, € K;Y randomly. 3¢V randomly.
4. Compute spec(A + BK,,C). 4. Compute spec(F + GKyH).
5. Set Apirm = spec(A + 5.5t AGGGeTIMe = spec(F +
+BKyC) N ADiFM +GKyH) N ADiFM
6. Repeat procedure from step 3 ‘a 6. Repeat procedure from step 3 ‘a
number of times’ number of times’
Running the algorithm on our Running the algorithm on our
system we’ll see that there are system we’ll see that there are
no continuous-time DiFM no discrete-time DiFM
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Control goals

Realizing a simple stabilizing control law results useless, because the
system is already asymptotically stable.

Moreover if we implement this controller it can deteriorate the
perfomaces of the system, so we’ve directly implemented a controller
that was able to improve them.

Our goal will be to implement a controller such that we obtain an
optimal trade-off between:

* Faster response of the system
 Limited oscillations of the controlled variables
e Minimization of the control action
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Control goals

Continuous time

Eigenvalues of the system are forced
to have a real part which is smaller
than a certain value (reduce the
settling time of dominant mode)

The damping factor is kept over a
certain treshold (reduce oscillations as
much as possible)

AIm

-o
r » Re

Discrete time

Eigenvalues of the system are forced
to be in a region inside the unitary
circle, whose radius is smaller than 1,
in order to obtain a faster response
Move the region rightwards with
respect to the origin in order to reduce
the oscillations

p
m » Re
%/

POLITECNICO MILANO 1863




Control goals

LMis

1. Place the Eigenvalues in a desired region (faster response and limited oscillations)

Continuous time

* Guarantee that all the eigenvalues have real part such that: Re(1)<—a

The corrensponding LMl is: YAT + AY + ITBT + BL + 2aY < 0

e Confine the eigenvalues in a region D defined starting from the desired damping:

with fo(z)=A+2z0+z+OT. D={zeCfp(z) <0}

We can define: _[sin(@)(z+z") cos(8)(z—2z)
fD(Z) = [COS(H)(Z* — Z) Sin(@)(Z + Z*)

The LMI that guarantees this result is:

[ sin(8) {(A + BK,)Y + Y(A+ BK,)T} cos(8) {(A+ BK,)Y —Y(A + BK,)T}
cos(8){—(A+ BK,)Y +Y(A+ BK,)T} sin(8){(A+ BK,)Y +Y(A+ BK,)"}
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Control goals

LMis

Discrete time

* The goalis to place the eigenvalues of the discrete time system in a disk of center a

and radius p. )
To do so we simply have to guarantee that the matrix (4 + BKy +al)

is Shur stable.
The correnspondin LMl is:

%(A + BK, + al)P(A + BK, + al)T — P < 0,

which leads to:
(A+ BK,)P(A + BK,)T + aP(A + BK,)T + a(A + BK,)P — (p> —a®)P <0

applying the Shur complement we’ll obtain:

[(,o2 — a?)P — APAT — ALTBT — BLAT — a(PAT + AP + LTBT + BL) BL] >0
LTBT P
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Contol goals

LMis

2. Minimization of the control action

It would be desiderable to minimize the control effort, which is obtained by minimizing
the size of the control gain K, (obtained either using Y and L as optimization variables, in
continuous time, or P and L in discrete time).

It is possible by imposing K|l sy

We recall that 1K, |l <lILIIY ™ (in discrete time K.l < IILIIIP7*]), so we can enforce
limitations on ||L]| and |[Y 7|

Limit ||L]|
[“L’ L5 0
L I

Limit Iy~ e I
FEEL

Cost function to be minimized: A good weigth trade off is to select

J=a,2; +ayay a; =0.01,ay =10
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Controller Design

Continuous time

To reach our goal we proceed by ‘iterative tuning’, comparing results.
A good dumping factor can be obtained for 9,,,,, < 30,
While to speed up we try to push the spectral abscissa on the left, via a,,,, =1

Good trade-off?
Fix 9,00 = 30, 4, = Variable > 1

Select a random initial condition, (fix that x, = [-0.15, 0.092, —0.086 ]") and repeat
simulation increasing Q4

Once we reach a good behaviour, we simulate for new randomly selected x, to see if it is a

good choice in general, than we fix that a and reduce ¥ as much as we can, to obtain a
controller more robust against oscillations

Opgr =0,  Dax = variable < 30°

( all done analyzing also to the control action, to find the best performance/control effort
trade-off)
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Dh m]

Controller Design

Continuous time

Dmax = 30, a,,,, = variable

CENTRALIZED

CONTINUOUS: Centralize: CONTINUOUS 01
T T T T T T -

0.1

Dh m]
Dh m]

-0.05

CONTINUOUS: Cen'
T T T

CONTINUOUS
T T

Dh [m]

Dh m]

0.1

CONTINUOUS: C i States
T T T T T
Dh1
—on,
bhy
CONTINUO! CONTINUOUS: C iz Control
004 - — 015 T T T T T T

0.035
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Controller Design

Continuous time

Omax = 30, a4, = variable

DECENTRALIZED

CONTINUOUS: D CONTINUOUS: 01 CONTINUOUS: Decel 01 CONTINUOUS: 04 , CO‘NTINUO‘US: D s ‘ Sta‘tes ,
01 T T T T 0.1 T T T . T T T T g T T T T B,
—on,
—on,
005 0.05
oL

—_- E E 3 CONTINUOUS: i
€ E % 02 . COI‘ITINUO‘U 08 ; ) ! c z Cor‘nrol
= 5 a
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Dh m]

Controller Design

Continuous time

Omax = 30, a4, = variable

DISTRIBUTED 1

CONTINUOUS: Distribute: CONTINUOU!
T T T T T T

0.1 0.1

CONTINUOUS: Dist
T - = 0.1

Dh [m]

Dh [m]

C‘ONTINL!OUE 04

Dh [m]

CONTINUOUS: Distributed States
T T T T T

—on,
——Dh,

CONTINUOL
T T

0.06

CONTINUOUS: Distril Control
08 T T T T T
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Dh m]

Controller Design

Continuous time

Omax = 30, a4, = variable

DISTRIBUTED 2

CONTINUOUS: Distributed 2 States
T T T T T T

CONTINUOUS: Distril
T T T T T

CONTINUOUS
T T T

Dh [m]

005/

0.1

Dh m]

0.1

CONTINUOUS: Distr
T T T T

Dh [m]

0.1

0,05

CONTINUOUS
T T :

Dh [m]

T
———Dh,

—on,
~ o,
CONTINUOU CONTINUOUS: Distributed 2 Control

0.16 T T T 08 T T T T T T T T
0.14 07k 4

|
012

‘X 06
041 —\

\ 05

o

ol

u [mals]
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Controller Design

Continuous time

A good trade off between performance and control effort is to select a0 = 1.7

At this point to have a more robust control for more condition we fixed that a;,,4
and reduce ¥,;,4x -

for the previous xy the advantages of it seems negligible, but for new randomly
selected more critical x,, we found that a robust choice is for 9,4, = 15

Controller design:
Wnax = 1.7, 9ax= 15

k.=[~1.20 —0.02 026 K =[—4.55 0 0

¢ l-119 —-1.58 -0.74 De 0 -196 -1.11
. =[—0.85 0 0 Ko =[—4.2 037 0.36
bl —1_093 -1.71 -0.95 btz 0 —-182 -1.04

Now let’s test the performance of the closed loop system with this controller
design, using the same random initial conditions analyzed in open loop

Nome Cognome, assoc.prof. ABC Dept. POLITECNICO MILANO 1863



Controller Design

Continuous time

Continuous-time free response (OPEN-LOOP)

01 T T
Dh
xo = [0.040, 0.083, -0.104]T ‘
oosh o=1 ) o | Remember the open loop free responce:
3
_of — —
E L I
= Lucky initial condition,
0051 / but slow and 006 Continuous-time free response (OPEN-LOOP)
overhoot on,
o1r 0.05 3:2
X = [0.055, 0.0018, 0.0165]7 3
-0.15 I I L 1 1 0.04 -
0 1 2 3 4 5 Continuous-time free response (OPEN-LOOP)
ts  E Bad waves 0 : : : S
= 003 — Dh
(=] T 1
002 — Dh, | |
0.02 Dh3
-0.04 _
0.01
006 xo = [-0.109, -0.039, -0.012]7 T

-0.08

Slow with long waves
-0.1
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Simulation

Continuous time

Umax =1.7, Vipax= 15 x, = [0.040, 0.083, -0.104]"
CENTRALIZED DECENTRALIZED

CONTINUOUS: C ized States 0.02 CONTINUOUS: C ized Control CONTINUOUS: ized States
T T T T T T T T T T T T T T 0.1 T T T T T T

—
———Dh,
————Dhy

o

CONTINUOUS: D lized Control
T T T T T

[m3ss]

\\\\\\\\\\\\\
5555555555555555555555
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Dh m]

Simulation

Continuous time

Opax =1.7, Omax=15

x, = [0.040, 0.083, -0.104]"

o CONTINUOUS: Distributed States 001 CONTINUOUS: Distributed Control : o1 CONTINUOUS: Distributed 2 States 002 CONTINUOUS: Distributed 2 Control
. T T T T T T T T
J—T —on, J—
7Dh2 7th
2
——Dh, ——Dh, .
005 005 002
L 0.04 -
’ or ,/’ 0.06 -
/7
z — /
2 E / @
@é p = / “g 0.08
El =} .;.
005 | 0051 | J 04
[ 042
01 01 014}
0.16 L
0.15 L L I I
009 I I 0.15 0.18 . .
0 1 2 3 4 ‘55 6 7 8 9 10 3 4 5 5 s 8 ° 10 ) 1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
is] 8] sl tls]

POLITECNICO MILANO 1863




Simulation

Continuous time

Omax = 1.7, 90,=15

CENTRALIZED

CONTINUOUS: C ized States CONTINUOUS: C
T T T T T T T T 0.01 T T T T T

ized Control
T T

[m3ss]

2222222

x, = [0.055, 0.0018, 0.0165]"

DECENTRALIZED

CONTINUOUS:
T T T T

ized States CONTINUOUS: D lized Control
T T T T 0.05 T T T

- T T T T T T
JE—r JE—
7th
——Dhy

i

J
|
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Simulation

Continuous time

Uy =17, p0y=15 x, = [0.055, 0.0018, 0.0165]"

DISTRIBUTED 1 DISTRIBUTED 2

: c‘ou'rmu‘ous: I' i . Stat‘es : o : : CONTINUPUS: "; i ° Control , CONTINUOUS: Distri 2 States CONTINUOUS: Distributed 2 Control
T T T T T T T T T T

T 0.06 T T T T 0.05 T T T T
———Dh, —
-ﬂ —Dh, —,
——Dhy
0.05 - b

[m3ss]

2222222
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Simulation

Continuous time

Oy =17, Opmgr=15

xo = [-0.109, -0.039, -0.012]”

CENTRALIZED

CONTINUOUS: C ized States
T T T T T T

CONTINUOUS: C
T T T T

[m3ss]

2222222

DECENTRALIZED

CONTINUOUS:
T T T T

ized States
T T

CONTINUOUS: D
T T T T
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Simulation

Continuous time

Uy =17, 9,515  x, =[-0.109, -0.039, —0.012]"

DISTRIBUTED 1 DISTRIBUTED 2

CONTINUOUS: Distributed Control CONTINUOUS: Distri 2 States CONTINUOUS: 2 Control
T T T T T - T - - T

I [ 1 T T T T 045
—T T —
Dh1 Dh“ .
——Dh, 1
. 7th

——Dh, —Dh,

CONTINUOUS: Distril States
T T T T T T T

Dh m]
Dh m]

um¥s]

\
0.05 [~
<01 1 \
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Simulation

Continuous time

Even if we are happy with this performance, If our goal is to speed up even more
(mantaining robustness against oscillations), some interesting aspects show up when
we push even further the performance. If we look to the control action, in particular:

Omax > 2, Umar=15  x,=[0.047,-0.011, -0.048]"
CENTRALIZED DECENTRALIZED

CONTINUOU CONTIN CONTINUOUS: Centralized Control CONTIN CONTINUOU CONTINUOUS: D ized Control
T T 03 T T T 04 T T T T T T T T 3 T 6 T T T — 20 T T T T T T T T

T T T T
4 251 5

Feasible optimization,
but UNREALISTIC

o

m%s]

max | 1

| U

\\\\\
2222222222
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Simulation

Continuous time

Omax > 2) Vmax=15
DISTRIBUTED 1 DISTRIBUTED 2

CONTINUOUS CONTINUOUS: ~~ o
T T T 6 T T T T 18 -

CO‘NTINU‘( B ’2 ) CONTINUOUS: Distril Control
T T T T T T T

. Feasible obtimization,
but UNREALISTIC

3/s]

a =4 J _ L
max | Qmax=2.5 Omax=3 . Qmgr=4

0.
s
s
! ‘
\
or g—
0
0

L I L L
5555555

t(s]

If we speed up too much the system, Decentralized and Distributed 2 schemes get worse
very quickly, with an unrealistic control action, While Centralied and Distributed 1, even if

becomes more aggressive, obtain the same performance (states behaviour is the same) with
control action one order of magnitude less !
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Comments

Continuous time

From our simulations, we conclude that:

* Centralized and Distributed 1 are the best option, allow to obtain very good
performance with a realistic control action.

e Decentralized and Distributed 2 degenerate quickly in terms of control effort, if we ask
too much (even if our optimization algorith minmize its norm).

* If the control action limitations are strict, we would have to relax our performance
request, maybe reducing a bit a,,,,, respect our trade-off choice of 1.7

* If instead control action is not too much restrictive, we can push the performance, but
being carefully not to request too much, or the oscillation robustness is lost in some
cases, due to a reactive control action that causes undesired big overshoots.

* In terms of problem feasibility through our LMI optimization algorithm, we can push
the problem to the boundary of physics, a4, =10, 9,,,4=1 request can be solved, but
obviously ask for a whole lake poured inside each tankin 1 second...

Nome Cognome, assoc.prof. ABC Dept. POLITECNICO MILANO 1863




Comments

Continuous time

* Because in general Centralized control guarantees the best trade-off in terms of
control effort and performance, for our system composed of just 2 sub-system, in the
hypotesis of a possible full comunication, the best choice would be a distributed all-to-

all comunication controller.
(same controller gain design as centralized one, but more robust against point of

failure and more flexible)

With the following information
trasmission graph, and :
ContStructure_String=[11; 1 1]
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H, control

Continuous time

Negative aspects of previous procedure:

* We have to place the system poles by hand, and we don’t have control on each
mode, or in the control effort, we just prescribe the region.

* |t can be boring and time consuming to find the best pole region for our system
dynamic, because we have to make some simulations to see if we reach our desired
objective.

What about an optimal control strategy?
If we solve the problem through LQ optimal control (casted from H’, minimization)

* The control law obtained is more robust, we can also model possible additional
disturbances on the system, and obtain a controller robust against them.

* Our effortis just to implement the function that computes the optimal control gain,
with the usual LMI definition, then to design the controller we have just to tune the

best input/state deviation trade-off, with the proper choice of the matrices of
weigths Q and R.
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H, control

Continuous time

We define a new performance output z, and a noise variable w
x = Ax + Bu + B,,w

z=C,x+D,u
And to go from H, to LQ control, we define the performance output matrices as:
V@ 0 0 0 0
0 gz O 0 O (The noise matrix B, is an identity if we want
C:<lo o0 yg| DA 0 O B,,=I5 or zeros(3) to model additional disturbances, for example
0 0 0 v 0 leakage of water in each tank, or a zero matrix
-0 0 0 0 VRl 3x3 if we don’t want to model any
To make the analysis simpler, we disturbance)

consider as weigths just q, r

At this point, we just have to implement the LMI as:

T TpT
AY + gL +YA C-Il; i gL + By B, <0 With cost function
[(CY 2oy ; ] >0 ] = trace(S)
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H, Simulations

Continuous time

Now we are ready to test the new controller, first with control limitations r>q
q=50, r=100 Vs 0,0 =1.7, 9,,0,=10 (B, =13) xo=[-0.14,-0.09, -0.07]"
CENTRALIZED DECENTRALIZED

OC(%NTINUOUS: Centralized States H2 88’1T|Nuous; Centralized Control H2 %%EITINUOUS: Declentralized States HZ:?&%TINUOUS: Decelntralized Control H2
Dh, u, Dh, ug
Dh, [ 0.06 U, | Dh,
Dh, Dhy
0.4 -0.14
0.16— 0.¢SONTINUOUS: Centralized States ~ GONTINUOUS: Centralized Control 01— ,GONTINUOUS: Decentralized States  CONTINUOUS: Decentralized Control
. ) 0 5 i T T
Dh u Dh u
1 i 1] 1 1
or Dh, [] 045 u, or Dh, || u,
Dh Dh 0.8}
0.02 S 04 0.02 3] |
0.35 E
-0.04 1 -0.04 1 0.6
0.3
006 7 Pole place 006 7
= g 025 = “E 04
Q .0.08 E 0 .0.08 B
0.2
-0.1 0.1 1 0.2
015




H, Simulations

Continuous time

xo = [-0.14, -0.09, -0.07]"
DISTRIBUTED 2

q=50, r=100 vs a;ax=1.7, O;nax=10 (B, =13)

DISTRIBUTED 1

CgNTINUOUS: Distributed States H2 COO1NTINUOUS: Distributed Control H2

0.0 (G‘%yTINUOUS: Distributed 2 States H2 COO1F§TINUOUS: Distributed 2 Control H2
Dh u ‘ | d I
1 1
on H  009f u oh, 4
th 2 or th I 0.1
3 0.08 oh, :
0.02f 1
0.07 f 0.08
0.04
0.06 |
@ _ i — 0.06
“E 0.05 }[ 2 E -0.06 @
=) < £
0 0.08} e

0.02
0.02 -0.12
Q01 0141 of
0.16 0 0.16 = |
0 o C’EIONTINUOUS: Distributed States c'(\;,ONTINUOUS: Distributed Control o 0 gZONTINUOUS: Distributed 2 States gg)NTINUOUS: Distributed 2 Control
Dh, u Dh, u
or Dh, [ u, 0 Dh, 07 u,
Dh, 0.4 Dh,
0.02 1 -0.02 06
0.04 0.3 -0.04 0.5
E -0.06 ”ﬁ o E -0.06 f”ﬁ 0.4
= £ > = £
8 008 = Pole place 8 .08 S 03
-0.1 0.1 -0.1 0.2
-0.12 0121 0.1
ok
-0.14 014 1 or




H, Simulations

Continuous time

q=100, r=50 Vs a;ax=1.7, 9;nax=10 (B, =13)
Now with faster state convergence, gq>r
CENTRALIZED

0(:(%NTINUOUS: Centralized States H2 g?ngINUOUS: Centralized Control H2

xo = [-0.14, -0.09, -0.07]"

DECENTRALIZED

%%EITINUOUS: Decentralized States HZ:&)%TINUOUS: Decentralized Control H2
Dh u ' ’
1 1 Dh u
or i 0.14 1 1
Dh, u, Dh, [ 0.16 u,
Dh
3 Dh
-0.02 1 0.12 3 0.14
-0.04 01 012
—-0.06 » 0.08F —_ 81
E o 2
= E £ 008
O 0,08 > 006 =
0.06
-0.1 0.04
0.04
-0.12 0.02 5|
0.12 0.02
0.14 of 0.14 0
-0.16 -0.02 -0.16 -0.02
0 5 10 10 5 10 5 10

DISTRIBUTED 1

0C.OCENTINUOUS: Distributed States H2 &Qg‘lTINUOUS: D|s$r|buted Control H2 8(851
Dh1 uy
or Dh, [ u,
Dh, 0.2
-0.02
-0.04 0.15
—-0.06 o
E i
= g o1
0 .0.08 =
-0.1 0.05
-0.12 -0.12
-0.14

-0.16
0

DISTRIBUTED 2

TINUOUS: Distributed 2 States H2 %OzlgTINUOUSZ Distributed 2 Control H2
Dh1 uy
Dh, . uy
Dh, -
0.15
@
mg 0.1
=1
0.05r-




H, Comments

Continuous time

As we expect, we observe that:

* Whenr > q, control weigth is higher, so optimization focus on limiting the control
action, with the guarantee of convergence with a slower dynamic. This conservative
condition allow us to have no overshoot, but slows down the system a lot.

* When q >r, state weigth is higher, so the optimization puts more control action
effort to speed up convergence (anyway we don’t exagerate with the request, so the
control action is still acceptable). It is a little bit slower than the previous control
design, but with an overshoot almost null, and a control action much more limited.

* When g=r, same relative weigth, we are in the middle, the system is still a little bit
slower, not so much interesting.

* For B, =zeros(3), the system without disturbance becomes ‘less reactive’ and even
slower, we don’t show this results. Even if not present, include some noise
modelling with B,,, = I5 can help to achieve better robustness.
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H, Comments

Continuous time

* Notice also that in general, even pushing forward the performance, there is not an
evident ‘better’ control structure, so we are free to choice accordingly to our
resources.

* In general by a simple choice of Q and R we can afford our goal according to the
control problem specifications.

* Another aspect that we don’t explore is the possibility of giving different weigths to
each state or control variable, using different q; and r;. This allows us to obtain a
fine control on the states and on the control variables. If for example we want u; to
have more restrictive limitations than u, we just have to chose ;> 1,. Same
reasoning for the choice of g; weigths.
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Controller Design

Discrete time

As done in continuous time, to reach good performance we search for the best
placement by tentatives.

In particular, we chose the best pole regions, according to the modes behaviour and
the overshoot reduction region:

When F diagonalizable When F non diagonalizable

’ i N Region where £ > €
B S T

1 Re

Let’s simulate what happens, in terms of state performance and control action, if using
our LMI we try to move the poles inside a region with desired modes behaviour
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Simulation

Discrete time

Again we randomly pick an initial state x, = [-0.109, -0.039, -0.012]” and Try :
FiX Prjax = 0.1 (remain in desired ¢ region) |a,,,,|= variable < 0.9

(From now on, consider h=0.2 as discussed before. Than we will motivate furthermore this choice)

o1 DISCRETE: Centralized States DISCRETE: G o DiscRET DISCRI 02 : ‘ DISCRETE: Centralized States
. T T T 01 ! TE: Cen . - - L —T
Tends to FIR *
015
005 005
005 — L
amax='0.7 amax=-0.6 max_ 0-4 oil amax 0.2
5 x107 DISCRETE:C ‘ _ DISCRETE: Cen DISCRETE: Centralized Control
- or 005 - ‘ ‘ ‘ [ [ [ [ ’:ﬂ
E E E E 1F
5 £ 5 5 \\ i
T -
005 or o \
/ |
005 / o
/ ‘,
/
oL / — - -
0.1 » ’gdi'ndx_-o'g %oosymax_-o's %M amax 0.2
" =) :
/ ‘« \
4 / \ N
1 2 3 4 0 1 2 3 |
1s) 7’,' \\
|




Dh m]

Controller Design
Discrete time

Pmax = 0.1, a4, = variable

DECENTRALIZED

DISCRETE: D¢
T T T

DISCRETE: [ DISCRETE: De¢
T T T T

01 DISCRETE 02 , , D‘ISCRE'I"E: Dec?nhallm?d Stan?s
: T T

0.1

T
——Dh,

———Dh,

Omax=-0.2

DISCRETE: D
T

7 . 02
w07 DISCRETE:C o

05

ntrol
DISCRETE: ized Control
T T T T T T

POLITECNICO MILANO 1863



Controller Design

Discrete time

Pmax = 0.1, a4, = variable

DISTRIBUTED 1

; DISCRETE: Distri
DISCRETE: Distri DISCRETE: DISCRETE: Di DISCRE1 02 ! 3 3 d States :
0.1 T T T 0.1 T T 0.1 T T 0.1 T T o
-
th
7Dh3
Omax=-0.7 Omax=-0.6 max="Y.
E E E E
= 5 & & i Control
<107 DISCRETE: [ 025 T T T : Distributed Control
T T — 08 T r - T T T .

amax/=/of§ av\?lax;o-s | Amax=-0.2
r/
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Controller Design
Discrete time

Pmax = 0.1, a4, = variable

DISTRIBUTED 2

DISCRETE: Distributed 2 DISCRETE: | DISCRETE: Dis DISCRETI 02 , . DISCRETE: Distributed 2 States :
0.1 T T T T T T 0.1 T T T T 0.1 T T 0.1 T T on
——0n,
th
7Dh3
Omax=-0.2
E
5 02 DISCRETE: Distributed 2 Control -
05zl DISCRETEL [T T 08 ———DISCRETE: Distibuted 2 Contral
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Controller Design

Discrete time

Overall, repeating those simulations for other random initial conditions we can
conclude that a good performance/control trade-off is obtained for:

Pmax = 0.1, 0pqx =-0.6

(No reason to limit p,, 4, furthermore, it is already enoght robust against overshoot)

What about the sampling time h? maybe reducing it we can improve the performance.

Let’s fix that p,qx, Amax @and simulate the system decreasing h with a general random
initial condition: x, = [0.248,0.103,-0.259 7
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Simulation
Discrete time
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DISCRETE: ( DISCRETE: C i
2 T T 100 T T T T
10
01

DISCRE Dis DISCRETE: Centralized States DI DISCRETE: DISCRETE: D ized States
03 : 03 : 25 ’ d . ; 03 . , 04 s 25 ; ; ‘ . :
oh oh
| 4
Dh, oh
Dh, Dh,
03
02 2 B 02 2 —
02|
01F 15 - 01h 15 -
01}
E E E E E E
= 0f —— = = 1 T = oF - = = 1 T
[a) //’ (=] (=) o [a] a
/ / / o 5
/ | / /
/ 04| 05 B 01 | 05 R
| 0.1}
| | |
02 1 off 02 0F-
h=0 h=0.02 | 02 - h=0.02
| - - | - = e
‘ ’ ’ | h —0. 2 | h —0 . 1
1 Control s o, : i . DISCRETE: Control

DISCRETE:
T T




Dh [m]

o DISCRE DIS 25 DISCRETE: Distributed States
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Simulation

Discrete time

BUTED 1
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Controller Design

Discrete time

For h < 0.2 the performance get worse, the control action becomes not realistic and too
reactive. Also, if we reduce h too much we have numerical problems.

Controller design:
®ax = -0.6, Prax = 0.1, h=0.2

K =l—0.88 —0.09 0.17 K =l—1.23 0 0
¢ [-0.68 —-1.70 -1.06 De 0 —-1.95 —1.18

K. =l—1.39 0 0 k.. =|~123 6x1077 3x1077
bl 1077 -182 -1.11 biz 0 —1.95 ~1.18

Interestingly Distributed 2 gain is equal to Decentralized
one (again not so useful information structure)

Now Let’s test the performance of the closed loop system with this controller design,
using the same random initial conditions analyzed in open loop

Nome Cognome, assoc.prof. ABC Dept. POLITECNICO MILANO 1863



0.1

0.05

Controller Design

Discrete time

Discrete-time free response (OPEN-LOOP)

x, = [0.040, 0.083, -0.104]"

Dh

Dh [m]

005F /
//(
01 F

-0.15

Dh,

ora| | Remember the open loop free responce:

//Lucky initial condition,

but slow and 006
| .
overhoot
0.05
L 0.04 -
1 2 3 4 5
tsl  E
= 003F
[a]

002

001

Discrete-time free response (OPEN-LOOP)

x, = [0.055, 0.0018, 0.0165]

Bad waves 0

(exactly equal to continuous time)

xo = [-0.109, -0.039, -0.012]7

Slow with long waves

Dh,| |

Discrete-time free response (OPEN-LOOP)
1 - | Dh,
. L A
Dh,
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Simulation

Discrete time

Omax =-0.6 , Pmax =0.1,h =0.2 Xg = [0040, 0.083, —0104]T
CENTRALIZED DECENTRALIZED

DISCRETE: D ized Control
T T
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o, — o J—
___on 1 1
, —on, —
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Simulation

Discrete time

Omax =0.6 , Pmax = 0.1, h = 0.2 xo = [0.040, 0.083, -0.104]"

DISTRIBUTED 1 DISTRIBUTED 2
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Simulation

Discrete time

Gy =-0.6, Ppuax = 0.1, h =02 x, = [0.055, 0.0018, 0.0165]"
CENTRALIZED DECENTRALIZED
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Simulation
Discrete time

gy =-0.6 , Py = 0.1, h = 0.2 x, = [0.055, 0.0018, 0.0165]"
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Simulation

Discrete time

gy =-0.6 , Py = 0.1, h = 0.2 x, = [-0.109, -0.039, -0.012]”

CENTRALIZED DECENTRALIZED
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‘DISCREVTE. " Istatas‘ , , 016 . . ) ; ; . > . . 002 : : D‘ISCRETE:P e e s:a‘e‘s
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Simulation

Discrete time

gy =-0.6 , Py = 0.1, h = 0.2 x, = [-0.109, -0.039, -0.012]”
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Comments

Discrete time

From our simulations, we conclude that:

In dicrete time we can see an advantage in terms of control effort with respect to
the continuous time control. In fact, with same initial conditions we can achieve

same performance but with a control action less aggressive.

If we push performance further, control action becomes too reactive and
performance degenerates. But differently from cont. time, we don’t see evident
state performance/control effort difference between the control schemes.

So, even the less demanding scheme in terms of implementation (Decentralized) is
a good choice for this system when controlling in discrete time.

If we can accept big, but fast, responce overshoot, and we have access to a modest
control action, we can even obtain behaviour similar to a FIR system (by designing a
controller such that a,,,4,=-0.2, pjnax= 0.05, the problem is still feasible).
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Alternative Control Design

Limit control action rate

Notice that, we are dealing with a real phisycal system...

In our control framework we observe the system (linearized) and for a variation of the
tanks’ height respect the nominal conditions Dh, we act by a variation on the water
input inside the tanks (to avoid any confusion, we call u that variation of u respect
nominal value 1), in order to bring that variations Dh to O.

Let’s look to any control action ( same reasoning in Discrete time):

«=ws____ Control variables vary from 0 to 0.2 (and 0.12) in O sec, and in 1 sec
= we are again back to 0. Even if an electric valve can be instantaneus,

,‘ we can assume to have some control rate limitation (actuator

ﬁ - dynamic), taking into account that Au is limited, and that control
\ | action at t=0 start from 0, not from the instantaneus value chosen

\\ by the control law.

T | This constraint allow us to simulate better a real system, but also

AN (sometimes) to improve the perfomance through a minimization of

Au.
°°°°°°°°° w7 " Which leads to a distributed action over time, converging without
aggressive behaviour.
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Alternative Control Design

Limit control action rate

OPTION 1, LMI: (discrete time)

Aup = K(F + GK — D)xy,

To minimze Auy, , we should minimize ||K(F + GK — I)||

But if we also implement the minimization of the control effort, ||K|| will be already
minimized. We need to minimize 2-norm of (F + GK —I)

Proceeding similarly to the procedure for the minimization of control effort:
IF + GK —I||=||(FP + GL — P)P~Y||< ||[FP + GL — P||||P7%||
Where ||P~1]|| again is minimized by the control effort minimization.

So we focus on ||FP + GL — P||:

min{ap }
s.t. ||FP + GL — P||<ap (This can be casted by the shur complement into an LMI)

So overall, use this additional LMI and rewrite the overall cost as:
J=apap+ay ay+a; a;  (with the proper trade-off choise of the weigth)
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Alternative Control Design

Limit control action rate

Similarly, continuous time:

u(t) = Kx(t) (state-feedback)

u(t) = Kx(t) = K(Ax(t) + Bu(t)) = K(A + BK)x(t)

Same reasoning as before, we want to minimize ||A + BK]|...

Anyway, this option doesn’t capture our modelling goal, not obtaining the proper cost
trade-off to minimize well the control rate toghether with the control effort.

That’s why we opted for
OPTION 2, State expansion:

Consider the control vector u as part of the state vector, expanding the state-matrix,
and take as input of the system a virtual input v, representing the derivative of u.

(nothing forbid us to apply the virtual input v computed by our control scheme, and
integrate it numerically to compute the real actuation input!)
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Alternative Control Design

state expansion

From the initial system: We expand the dynamic:
{x=A_x+Bu x=.Af+Bu 1 0 0 L o
y =Cx Uu=v A=[1 —1 0] B=[O 1]
y=Cx 0 1 -1 0 0
C=I3

And, redefine the system vectors as:
x=[x; w x5 x3 up]"

u=— [ Vq vz]T .
(Exactly the same reasoning is done for

discrete time state-space description)

So the final state-space model become:

—1 1 0 0 0 0 0

{J'c=Aex+Beu 0 0 0 0 O 1 0
y = Cex Ae = 1 0 —1 0 1 Be= 0O O Ce =I5

00 1 -10 0 0

L0 0 0 0 O 0 1-
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Alternative Control Design

state expansion

At this point, the system decomposition comes straigth foreward

-1 1 0 00 0 0 1 0000

0 0 0 0 0 1 0 01 0 0 of“

A,=1 0 -1 0o 1| B=|0 0| C,={0 0 1 0 0

00 1 -1 0 0 0 000 1 0],

00 0 0 0 0 1 o000 o0 1~
B, B,

Finally, we use exactly the same script as before, but with this new system matrix both
in continuous and dicrete time. Through the control action minimization, this time we
are minimizing u=[v; v,]" control effort, exactly 1 as desired (or Au in discrete).

Remember also to impose as initial condition:
xo = [h10, 0,h0,h30,0]" (to start from O control action).

The tuning procedure to chose the best control design parameter is exactly as before,
we can even try using the same optimal trade-off found previously.
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Simulation - Continuous time

Limit control action rate

Oy =1.7 ,9,,0,=10 x¢=[-0.039,-0.04,-0.088]"7
CENTRALIZED DECENTRALIZED

0%(,?NTINUOUS: De'centrallzed States &%NTINUOUS: Degentrallzed Control

o 0(%0NTINU0US: Centralized States o S?NTINUOUS: Centralized Control

[y 0H .
001} 001}
-0.02f 002}
-0.03 L . . -0.03
£ R mit = o
=004 ate I It =-0.041 E
[a) a =
-0.05F -0.05
-0.06 -0.06
-0.07 -0.07
-0.08 -0.08
-0.09 : i ! i I N
0 0. (2ONIINUOUS: Centralized States | GONTINUOUS: Centralized Control 008, s (GONTINUOUS: Decentralized States  GONTINUOUS: Decentralized Control
Dh, u, t[s] Dh, uy
Dh 014
0 2| | Uz Dh, 025k u, | |
Dh, 0 Dh, ||
0.12 3
0.2f
-0.02¢ -0.02
E - F 01
=041 = 004} =
. £ £
NO Rate Limit o1
-0.06 -0.06
0.05
-0.08 ]
0.08 ol
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Simulation - Continuous time

Limit control action rate

Uy =17, 9pr=10 x,=[-0.039,-0.04,-0.088]”
DISTRIBUTED DISTRIBUTRED 2

0_621ONTINUOUS: Distributed States 0_(J(‘Q?NTINUOUS: Distributed Control 0%QNTINUOUS: Distributed 2 States 0l:)o(gNTINUOUS: Distributed 2 Control
Dh,I
0 H 0.04 L
Dh, 0
0.01 Dy | | 0035 001 -
-0.02 0.03 002k
_0m 1 = 0.025 .05
g m\ . . 'E
= -0 E o002 Rate Limit =-004f
5 a
-0.05 0.015 20.05F
-0.06 E 0.01f 0.06
-0.07 0.005 -
-0.08 1 ot 008
009, GONTINUOUS: Distributed States | CONTINUOUS: Distributed Control 0,09 0. SONTINUOUS: Distributed 2 States  CONTINUOUS: Distributed 2 Control
0.0 . 0.16 s o . g : : >
Dh u
t[s] ! 018} !
o th | U,
or bhy 016+
0.14
-0.02 -0.02
0.12
_ = @
£ E 2
= 004} = -0.04f A
[a] =]
1 1 0.08
NO Rate Limit |
-0.06 - 0.06
0.04 1
-0.08 -0.08
0.02f
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Simulation - Continuous time

Limit control action rate

Uax =3 9max=10 x,=[0.018,0.014,0.023]7
CENTRALIZED DECENTRALIZED

0.0ZONTINUOUS: Centralized States | CONTINUOUS: Centralized Control o GONTINUOUS: Decentralized States  CONTINUOUS: Decentralized Control
Dh, Yy Dh, u,
0.02 Dh, 0.02 Dh, 11 oF Yo
Dh3 Dh3
0.015 G101 |
-0.02f
0.01 0.01
— —.-0.04
= e ey @
€ oo Rate Limit €, %
a )
0 . 0.06
-0.08
0.005 0005 -0.08
-0.01f 01 oo Y
-0.015 —— . i . ;
0 0.052ONTINUOUS: Centralized States | GCONTINUOUS: Centralized Control 0015~ o (SONTINUOUS: Decentralized States  GONTINUOUS: Decentralized Control
Dh o - :
1 | 1 tls] Dh, 1
0.02 Dh,, 0 u, 0.02 Dh, |1 0 u, [
Dh3 th 2
0.015 1 005 e\ 11 B
0.01 0.1 a1 | Salk
E 0.005 2 -0.15 = 0.005 706}
g E = E
’ s NO Rate Limit = o 508
-0.005 1 025 0,005 Al
-0.01 1 03} oot 1 4.l
0.015 1 035} 0015 aal
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Simulation - Continuous time

Limit control action rate

Omax = 3; Omax=10
DISTRIBUTED

00 2%ONTINUOUS: letrlbuted States

o &ONTINUOUS: Distributed Control

Dh1 uy
0.02 Dh, |4 o uy ||
Dh,
0.015 1
-0.02 |
0.01 1
— —-0.04
£ 2 . .
= k 1%& Rate Limit
=1
-0.06
0
0.08
-0.005
-0.01F 0
-0.015 —— : Distri : Distri
o 0.0 2%ONTINUOUS. letrlbuted States 0'6)50NTINUOUS. Dllstrlbuted Control
Dh1 uy
0.02 Dh, |1 of o1
Dh,
0.015 1 -0.05 1

0.01 1 -0.1
0.005 k 1 -0.15
0 -0.2

E &
< £
o =]
-0.005 -0.25
-0.01 1 -0.3F
-0.015 -0.351
-0.02 . -0.4 .
0 5 10 0 5 10

x,=[0.018,0.014,0.023]"

DISTRIBUTRED 2

0.0
0.02
0.015
0.01

E
= 0.005
a

-0.005

-0.01

bONTINUOUS: Distributed 2 States

Dh,
Dh, |
Dhg

-0.015
0

tlsl

NO Rate Limit

Dh [m]

0.02

0.015

0.01}

0.005

-0.005

-0.01

-0.015

-0.02
0

0COSNTINUOUS: Distributed 2 Control

-0.02

-0.08

-0.1

[

Y

Uz_

Dh,

Dh3

Dh, |

o 0%ONTINUOUS: Distributed 2 States g?NTINUOUS: Distributed 2 Control

0 Us

POLITECNICO MILANO 1863




Comments - Continuous time

Limit control action rate

Simulating by pushing even further the performance ( for those cases when we need
a really short settling time but with a feasible action), for a,,,4, > 3, the previous
evidence of better performance of Centralized and Distributed 1 control structure
here disappears. With this design, in the previous ‘worst’ schemes (Dec, Dist 2) in
many cases we are able to reduce the control action peak by a factor of 30. So even
the decentralized scheme has a good performance/control trade-off.

Even asking for the same performance of before, we are able to reduce a lot the
control effort, so this solution is perfect for those cases where we have saturation
limits on actuators

Notice that in most of the cases we are even able to reduce the maximum amount
of overshoot
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Simulation - Discrete time

Limit control action rate

Omax ==0.55, Pmay = 0.15,h=0.2,  x,=[-0.072,-0.060,-0.047]"
CENTRALIZED DECENTRALIZED

PISCRETE: Decentralized States o &ISCRETE: Decentralized Control

DISCRETE: Centralized States 04 2DISCRETE: Centralized Control

0.01 0.0
v, Dh, u
or 01} 43 Ph;
Dh
-0.01[ 0.01F 3
0.08
-0.02f 0.02f
0.06
—=-0.03f . . =-0.03F
E R E
s ate Limit £
0O 0.041 0.04 0 .0.041
-0.05 -0.05
0.02
-0.06 -0.06
of
-0.07 ¢ 1 -0.07
-0.080 Q.04 DISCRETE: Centralized States 0 2DISCRETE: Centralized Control o00gb—r—— . OE}ISCRETE: Decentralized States . %ISCRETE: Decentralized Control
i : o 5 X - . .
Dh u
1 1 t[s] Dh, Yy
L H 0.18f
0 Dh, u, of Dh, [ o:16 u,
Dh, il Dh
0.01 sy 0a8 0,01 2y o
0.14
0.02 B | 0.12
0.12 0.1
—=-0.03 3 =- a3
E o £ 0.03 X2
= AN = £ 0.08
-0.04 > O R HR 8 .04 15
NO Rate Limit
0.05 . i
0,06 : 0.05 0.04]
-0.06 0.04 -0.06 002}
0.07 0.02F 0.07 0
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Simulation - Discrete time

Limit control action rate

Omax ==0.55, Pmay = 0.15,h=0.2,  x,=[-0.072,-0.060,-0.047]"
DISTRIBUTED DISTRIBUTRED 2

0.0{DISCRETE: Distributed States o DISCRETE: Distributed Control 0.0PISCRETE: Distributed 2 States | DISCRETE: Distributed 2 Control
Dh, u, Dh, —l
or Dhy [ u, or Dh, [ 0077 Yy
Dh, 0.08 Dh,
0.01 - 001t 1 008
0.02} 0.06 002t 0.05
—-0.03 1 o . . —-0.031 @ 0.04
£ P E 2
= E oos Rate Limit £ e
00041 1 = Q 0041 > 003
-0.05 0.02 -0.05 0.02
-0.06 -0.06 0.01
ol
-0.07 1 -0.07 | 1 or
0,08, gz ASSRETE: Distiibuitad Stafee  , DISCRETE: Distibuted Conifral 008} o DISCRETE: Distributed 2 States | DISCRETE: Distributed 2 Control
001f ol | N t(s] Dh, uy
: Dh, u 001t o1 018 .
on, 02t o 2
or M of 18 0.14
L0y 045 001} 1 o2
_ozy 1 - -0.02 0.1
= % 3 7
£ 00 E 01 =003 1 e 008
> . . =) ;‘
-0.04 1 NO Rate L“ nit -0.04 ] 0.06
0.05|
0:05 1 -0.05 004}
-0.06 Gk -0.06 1 o002t
-0.07F 1 -0.07 1 or
-0.08 : -0.05 : .
0 5 10 0 5 10 008 s PR L s 10

t[s] t[s] t[s] t[s]
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Simulation - Discrete time

Limit control action rate

gy ==0.6, Pray = 0.1 h=0.1, x,=[-0.023,0.12,-0.093]”
CENTRALIZED DISTRIBUTRED

DISCRETE: Distributed States DISCRETE: Distributed Control

0.08 DISCRETE: Ceptrallzed States 0. 6DISCRETE: Ceqtrallzed Control 0.08 06
Dh u Dh u
1 1 1 1
0.06 0,06
th 05 uy th 05 U ||
0.04} bhy 004t bhy
04 002 04
ol
_ — 03 — 03
E 32 R imit & 2
=k E ate Ll It = -0.02 &
S o2l a 302
-0.04
041} -0.06 01}
-0.08
0 ol
01
0.12 _
0 o1 DISCRETE: Centralized States 1 cDISCRETE: Centralized Control 02 s o1 DISCRETE: Distributed States 1 (DISCRETE: Distributed Control
Dh, u, t[s] Dh, u
Dh, 141 U, |1 Dh, 147 u,
Dh,| | Dh
0.05 3 Tl 0.05 3|4 i
1 1
0 s
E "’é 0.8 E m@ 0.8
= E . . - £
s E
= 06 NO Rate Limit & = 06
-0.05f 1 -0.05
04 04
mal 0.2 o4t ] 0.2
0 ol

-0.15 - -0.2 - -0.15 . -0.2
0 0
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Comments - Discrete time

Limit control action rate

* With other simulations, improving the performance in terms of a,,,,, we observe
that we are able in most of the cases to reduce a lot the control variable peaks,
making the requested control action feasible in case of actuator’s limitations.

* There are some cases where this solution underperforms respect to the ones
described before. Because of the control action rate limitations, it can become a bit
slower

* This control strategy being less reactive can work even for h=0.1, in fact it
guarantees the same performance of classical controllers, but with less effort.
Anyway the control effort is still not negligible, this is not a good advantage.

* Again as in the previous discrete control design, there is not so much difference
between the performance and effort of each control structure.

* Overall this strategy is very good if we have huge limitations on the actuators, in
terms of max/min saturation and rate limitations, but it doesn’t improve too much
the performance that we could already obtain, except for some cases.

The results obtained in continuous time were more performing
(maybe with a better tuning something better can be obtained even in discrete)
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Final Comments

* Overall, thanks to the absence of fixed modes for all structures, we have been able to
reach our goals both in continuous and discrete time using simple LTI state-feedback
controllers.

* The control strategies described focus on different aspects of our possible problem
specification and on the available resources:

* By pole region placement we have the freedom on the dominant mode, so we
can prescribe the overall dynamic as we desire, but we don’t have many power
on the control effort or in the specific modes (this require to test the system to
check the results).

By H, the controller obtained is the optimal one respect to the figure of merit
we define, so according to the best control/state trade-off for each mode or

control variable. Using this strategy we can avoid to perform the task of deciding
where to place the poles and at the same time the minimization of control effort

is guaranteed.

* The Control Rate Limitation Strategies is very good when we have big
limitations in terms of control action
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Final Comments

* Inthe discrete time domain the choice of h is very important, and discrete controller
allow us to speed up a lot the system, with still acceptable control action if the

controller is well designed.
e This shows us also how powerfull LMI design strategies can be. We can cast all our
controller design as an LMI problem and solve it easily.

Thanks for the attention
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